
14 Z H U R N A L  P R I K L A D N O I  MEKHANIKI  I T E K H N I C H E S K O I  F I Z I K I  

ON T H E  P E R I O D I C  S T R U C T U R E  OF  A S T A T I O N A R Y  R A R E F I E D  P L A S M A  

R. Ya. K u c h e r o v  and L.  E.  R i k e n g l a z  

Z h u r n a l  P r i k l a d n o i  Mekhan ik i  i T e k h n i e h e s k o i  F i z i k i ,  No. 5, pp. 2 3 - 2 7 ,  1965 

In the investigation of boundary problems for a rarefied plasma the 
occurrence of stationary periodic solutions [1-3] has been noted on 
more than one occasion. Since the existence of such solutions leads 
to a finite change in certain plasma parameters for infinitesimal chang- 
es in other parameters, the region of periodic solutions is treated in a 
series of papers as an instability region [3, 4]. However, as far as the 
authors are aware, arbitrary assumptions have been made in existing 
papers regarding the distribution of charged particles. For example, in 
Bohm's article [3] a monovelocity model was proposed, and in the pa- 
pers of Auer, Hurwitz, McIntyre and others, an arbitrary distribution 
of trapped particles was introduced. 

Consequently, it is of interest to carry out a strict investigation of the 
question of whether spatial periodicity exists in a stationary rarefied 
plasma. The present paper finds criteria for the appearance of spatially 
periodic solutions for the self-consistent problem in the zero-th approx- 
imation in L/I (L is a characteristic dimension of the system, l is the 
mean free path of plasma particles). 

F o r  the  s a k e  of s i m p l i c i t y ,  in the  c a l c u l a t i o n s  we 

s h a l l  con f ine  o u r s e l v e s  to a o n e - d i m e n s i o n a l  b o u n d a r y  
p r o b l e m  f o r  a r a r e f i e d  gas  ( c o m p o s e d  of e l e c t r o n s ,  
i o n s ,  and n e u t r a l  p a r t i c l e s )  f i l l i n g  the s p a c e  b e t w e e n  
two in f in i t e  p a r a l l e l  p l a t e s .  We s h a l l  n e g l e c t  the  e f -  
f e c t  of m a g n e t i c  f i e l d s .  The  p o t e n t i a l  d i s t r i b u t i o n  is  
d e s c r i b e d  by P o i s s o n ' s  e q u a t i o n  

-~x~- - -  

H e r e  x is  t he  c o o r d i n a t e  r e c k o n e d  f r o m  one  of the  

e l e c t r o n s ,  Oe,i  i s  the  e l e c t r o n  o r  ion  d e n s i t y ,  r e s p e c -  
t i v e l y ,  f e , i  a r e  the  d i s t r i b u t i o n  f u n c t i o n s  of  e l e c t r o n s  
and i o n s ,  r e s p e c t i v e l y .  The  e l e c t r o n  and ion  d i s t r i b u -  

t i on  f u n c t i o n s  s a t i s f y  t he  k ine t i c  e q u a t i o n s  

- - - Je,~. (2) 
d(p O/e. 

v~ .+. e d~ Ov i 
- -  /7~e ,  i 

H e r e  m e , i  a r e  the  e l e c t r o n  and ion m a s s e s ,  r e -  

s p e c t i v e l y ,  J e , i  a r e  t he  c o l l i s i o n  i n t e g r a l s  f o r  e l e e -  
t r o n s  o r  ions .  As  b o u n d a r y  c o n d i t i o n s  we  sha l l  i n t r o -  

duce  g i v e n  e l e c t r o d e  p o t e n t i a l s  (~  (0) = 0, qD (L) = qDL, 
L i s  the  i n t e r e l e e t r o d e  d i s t a n c e )  and e q u a t i o n s  d e s c r i b -  

ing  the  p a r t i c l e  d i s t r i b u t i o n s  on the  e l e c t r o d e s .  

F i g .  1 

I t  w a s  shown  in [5] tha t  in the  z e r o - t h  a p p r o x i m a -  
t i o n  in L / / a  m o n o t o n i c  p o t e n t i a l  d i s t r i b u t i o n  in an i n -  
t e r e l e c t r o d e  s p a c e  f i l l e d  by a r a r e f i e d  g a s  of c h a r g e d  

particles is possible for a given electrode potential 
difference only when the conditions 

O = O e  ~,~i = 0 ,  d ~ / d x - - O ,  

(3) 
O < d o / d ~ o r  f o r ~ = ~ k .  

a r e  f u l f i l l e d  f o r  a s p e c i f i c  v a l u e  of p o t e n t i a l  ~o~ (0 

H e r e  the  p o t e n t i a l  d i s t r i b u t i o n  has  the  a p p e a r a n c e  
shown in F i g .  1: the p o t e n t i a l  is  p r a c t i c a l l y  c o n s t a n t  

o v e r  the  who le  s p a c e  and is  equa l  to q)k, w i t h  the  e x -  
c e p t i o n  of n a r r o w  l a y e r s  in the  n e i g h b o r h o o d  of the  
e l e c t r o d e s  of width of the  o r d e r  of the  D e b y e - H t i c k e l  

r a d i u s  XD, in wh ich  a s h a r p  change  of p o t e n t i a l  o c c u r s  
f r o m  0 to ~k  c l o s e  t o  one  e l e c t r o d e ,  and f r o m  ~9 k to 
~ L  c l o s e  to the  o t h e r  ( he r e  and in wha t  f o l l o w s ,  to be  
s p e c i f i c ,  we sha l l  t r e a t  the  c a s e  fo r  ~L  < 0L 

F o r  gas  p a r a m e t e r s  wi th  ~k  = ~ L ,  the  d e r i v a t i v e  
d p / d o  b e c o m e s  i n f in i t e ,  and the l a s t  c o n d i t i o n  of i n -  
e q u a l i t y  (3) is  not  fu l f i l l ed .  The  p o t e n t i a l  d i s t r i b u t i o n  

in th is  l i m i t i n g  m o n o t o n i c  e a s e  is  shown in F i g .  2: 
with the  e x c e p t i o n  of a n a r r o w  b o u n d a r y  l a y e r  c l o s e  
to  the  c o o r d i n a t e  o r i g i n  the  p o t e n t i a l  is  s t r i c t l y  c o n -  

s t an t  and equa l  to q~k. F u r t h e r  change  of t he  gas  p a -  
r a m e t e r s  l e a d s  to a n o n m o n o t o n i c  p o t e n t i a l  d i s t r i b u -  
t ion.  The  cond i t i ons  f o r  it  to be  p e r i o d i c  a r e  found 
b e l o w .  

In  o r d e r  to  do th i s  we  m u s t  e x a m i n e  P o i s s o n ' s  e q u a -  

t i on  (1). 
We sha l l  a s s u m e  tha t  the  p l a s m a  has  a p e r i o d i c  

s t r u c t u r e  (F ig .  3) in the  n e i g h b o r h o o d  of the  l i m i t i n g  

m o n o t o n i c  cor f f igura t ion .  In th is  c a s e  we m u s t  d i s t i n -  
g u i s h  b e t w e e n  p a r t i c l e s  t r a p p e d  in p o t e n t i a l  w e l l s  and 

t h o s e  w h i c h  a r e  not  so  t r a p p e d .  
T h e  i n t e g r a l s  of  m o t i o n  f o r  e l e c t r o n s  ~e and f o r  

i ons  e i s a t i s f y  t he  c o n d i t i o n s  

ge ~ - -  eq0min, - -  e(Pmin "~ 8e ~ - -  eq)max, 

(ee = 1/2mevP - -  e~ (~)) , 

gl ~ e(p . . . .  e(Pmin ~ gi ~ eq)max, 

(e~ = 1/2 ~iv~ § ee (xl). 

H e r e  the  f i r s t  i n e q u a l i t i e s  c o r r e s p o n d  to u n t r a p p e d  

and the  s e c o n d  to t r a p p e d  p a r t i c l e s ,  ~ m i n  and ~0max 
c o r r e s p o n d  to t he  m i n i m a l  and m a x i m a l  v a l u e s  of p o -  
t e n t i a l  in t he  i n t e r e l e c t r o d e  s p a c e .  In t he  z e r o - t h  a p -  
p r o x i m a t i o n  in L / / u n d e r  c o n s i d e r a t i o n  the  d i s t r i b u t i o n  
f u n c t i o n s  d e p e n d  only  on the  i n t e g r a l s  of m o t i o n  ~e o r  

~i .  
D e n o t i n g  the  d i s t r i b u t i o n  f u n c t i o n  f o r  u n t r a p p e d  

p a r t i c l e s  w i t h  an index  c ,  and f o r  t r a p p e d  p a r t i c l e s  
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with an index w, we may  wr i t e  down exp re s s ions  for 
the electron and ion densities for x -> Xmi n in the form 

-e  in 

+ 
- e . r a i n  

d~ 

-eo  

o o  

_ _ A -  

e~max 
de 

e~p 

H e r e / ~ . j  (e) and /~.d (e) a re  the d i s t r i bu t ion  funct ions  
for  pa r t i c l e s  with v x > 0 and v x < 0, r e spec t i ve l y ,  in 
the z e r o - t h  approx imat ion  in L// ;  they a re  a s sume d  to 
be a l ready  in tegra ted  over  Vy and v z. In t roduc ing  the 
fol lowing symbols  

L~ + (~) + / o c -  (~) = J~c (~), /W (~) + / i o -  (~) = I,~ (~), 
L J  (~) + L ~ -  (~) = 1 ~  (~), 1 , , :  (~) + / . :  (~) = I ~  (~), (5) 

oo =+ 

' {I/ir +e~)dt+ I Fi(t2+eT)dt} 
o o 

(7) 
(~+ = V e(~mx--~)) �9 (cont'd) 

Here 
F~, ~ = L,i .~ - -  le,,,~. (8) 

Assuming  that the ampli tude Tmax--(Pmm is smal l  
c lose  to the l imi t ing  monotonic  conf igura t ion ,  we may 
expand Eqs. (7) in a s e r i e s  in powers of (~Pma*--Tmm) '/'. 
With an accu racy  to ha l f - i n t eg ra l  powers  of ~ m - - ~  
we have 

i 

oo 

( {I ]~(t'--eqomm)dt + ~/-e-(~--,mm) F~(,eqomln) } (9) 
0 

co 
1 ~f~i { i ]ic(t'-'~e(Pmin) dt"~- ~/e(~max--(~)Fi(e~max)}. 

0 

and making  an analyt ic  cont inuat ion  of f e c  and f i c  to 
the reg ion  of the i n t eg ra l s  of mot ion  ee, ei ,  c o r r e s p o n d -  
ing to t rapped p a r t i c l e s ,  we wr i t e  Eqs.  (4) in the fo rm 

1 ~ de 
-e:p 

- e ~ m i n  

er 

e~max  
de  

+ i }. 
e~ 

(6) 

Fig.  3 

Mor e ove r ,  s ince  the d i f fe rence  9 -- 9k  is s m a l l ,  
where  9k  is the cons tan t  potent ial  of the l imi t ing  m o n -  
otonic conf igura t ion ,  we may expand Pc, Pi in powers  
of (Pmm--q~k, a s s u m i n g  that the d i s t r ibu t ion  funct ions  
have been  ana ly t i ca l ly  cont inued to the va lues  e,---- --eqD~ 
and e~ ---- e%. With an accu racy  to l i n e a r  t e r m s ,  we ob-  
ta in  

Fig.  2 

In o r d e r  to c a r r y  out f u r t he r  t r a n s f o r m a t i o n s ,  it 
is  conven ien t  to pass  to the v a r i a b l e s  t ~ ---- e~, ~ ! e% 
r e s p e c t i v e l y ,  in Eqs.  (6). Then 

/~c (t'-- e~)dt -}- f F~ (t'-- e(p) dt} 
o 

(~- = V[(~ - ~,o)) ,  (7) 

Pe ---- 

'(i  - - V ~  ]ec(t~-ecPk)dt+e(Tk=-(Pmin) [ 0t~,c(s)] dr+ 
o 0 L Oe j , ,  

- ~  V e (q:) - -  q)m;'n) f i 'e  ( - -  e(~k) } (e l  : t J -  e (pk) ,  

r co 

'{i V ~  /ic (t ~ + e%) dt -}- e (qDmin - -  q~k) ~' [ O]i'~ (e) ] j t . ~ j , ,  dt + 
o o 

+ V-e(~max--~)Fi(e~ k) } (e2=t~+e~.). (10) 

We note that F e and Fi r e p r e s e n t  the d i f fe rence  in 
va lues  of the d i s t r i b u t i o n  funct ions  for  t rapped  and un-  
t rapped  p a r t i c l e s ,  r e s p e c t i v e l y ,  at the boundary  of the 
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potent ia l  well.  After  set t ing Pe and Pi f rom Eqs. (10) 
in P o i s s o n ' s  equat ion,  we find that it  a s sumed  the fo rm 

e~._ = a (q'm~. --r + (q~ ~ q~m~.)'/' + c (q~,~ - -  (11) q))'/,. b 

Here  

3o L d~ 3,, d t -  ~ ,  ,, dt , (12) 

4~e %' 4~ e 't= 
b = ~ F~ (--  eq)k) , c = - -  ~ F, (e~.). (13) 

Since the f i r s t  t e r m s  in Eqs.  (10) a re  equal to pe(~Ok) 
and Pi (~~ on being in se r t ed  in P o i s s o n ' s  equation 
they cance l  out in accordance  with the f i r s t  condi t ion 
of (3). In tegra t ing  Eq. (11) f rom Cmin  to ~p, we obtain 

11, ~,, = aA (q) - -  q)mm) "-I- s/s [b (q) - -  q)mi.n) v '  - -  c (q)max - -  q:))'h -.3L 

-'F C (q)max ~ q)min)%], (A = @mtn - -  q)k) (14) 

Hence we find for  the ampli tude A = ~max--~m~ set t ing 
r = r 

A%" = 

A'I, = A'o/' A, 

b q-  c (b ~- c =p 0, s i gn  a = - -  s ign  (b q-  c ) ) .  (3-5) 

C 

Fig .  4 

Moreover ,  an odd number  of points of inf lect ion 
m u s t  l ie  in between a m i n i m u m  and a m a x i m u m ,  i . e . ,  
the equation p(~9) = 0 mus t  have an odd n u m b e r  of roots .  
The f i r s t  two condit ions lead to the inequal i t ies  

aA + cA v, > O, 

aA + bAY, ~ 0 or  c > 2b, c ~> ll,b. (17) 

Here  the value of the ampli tude A f rom (15) has 
been  employed. It  is evident  that the condit ion c > b/2 
will  be the s t ronge r  for b < 0, and condition* c > 2b 
the s t r o n g e r  for  b > 0. 

In o r d e r  to examine  the roots of equation p(~v) = 0 
it is  convenient  to wr i te  it in  the fo rm 

i - -  3 ( i  - -  ~)  u 3~ ( i  - -  u~)'/, 
2 ~ 2 ' 

(U ~ ( q3-- (Pmln '/' e 

with the help of (15). 

The roots  u0 of this equat ion mus t  sat isfy  the r e -  
q u i r e m e n t s  

O < u o < l ,  ? [ t - -  3 / 2 ( t - ? ) u  o ] > 0 .  

The examina t ion  c a r r i e d  out showed that  on fu l f i l l -  
ment  of the condit ions c > 2b and c > b/2 this  equation 
has always only one root;  thus the condit ions m e n -  
t ioned for  the z e r o - t h  approximat ion  in L/ /  de t e rmine  
the boundary  of the region  for  per iod ic  solut ions .  This  
reg ion  is shaded in Fig.  4 (b = 1). We note that the 
pos i t ion  of the boundary  is de t e rmined  only by the r e -  
la t ion  between d i scon t inu i t i e s  in the e l ec t ron  and ion 
d i s t r ibu t ion  funct ions  at the boundary  of the potent ia l  
wel ls  and is independent  of A. 

We shal l  a s c e r t a i n  the behav ior  of ampl i tude and 
wavelength c lose  to these  boundar ies .  As is c l e a r  
f r o m  (15), as be fore ,  c lose  to the boundary  the a m -  
pli tude A r e m a i n s  a smal l  quant i ty  of the o r d e r  of 
A 1/2. However ,  the wavelength begins  to i n c r e a s e  as 
we approach the boundary  of this  region.  Hough e s t i -  
r~ates show that  

The ampl i tude  is  p ropor t iona l  to the square  of A, 
which con f i rms  the val id i ty  of the a s sumpt ion  that  the 
ampl i tude  is sma l l  for  s m a l l  d e p a r t u r e s  f r o m  the l i m -  
i t ing monotonic  conf igura t ion ,  and the va l id i ty  of the 
expans ion  in s m a l l  p a r a m e t e r s  made above. I n t e g r a t -  
ing (14) f r o m  ~Vmi n to ~0ma x, we obta in  the fol lowing 
e x p r e s s i o n  for  the wavelength  k: 

~. = ~o h'/', ~,o 

i 

Thus the wavelength is p ropor t iona l  to the root  of 
A. N e c e s s a r y  condi t ions  for  the ex i s tence  of per iod ic  
so lu t ions  a re  

~" I.=.m,. > 0, ~" [*='m~. < 0. 

l b 

~.0 ~ ~ as c- -  2b, (T-~ Vs). 

The i n c r e a s e  of wavelength may fac i l i ta te  the ex-  
p e r i m e n t a l  de tec t ion  of per iodic i ty .  

The ca lcu la t ions  which have been  c a r r i e d  out we re  
confined to t e r m s  of the o r d e r  of ha l f - i n t e g ra l  powers  
of the ampli tude.  In the case  where  the coeff ic ients  b 

*All the r e s u l t s  obtained a re  immed ia t e ly  appl icable  
to the case  when the p l a s m a  potent ia l  is pos i t ive .  To 
do this  it suff ices  to take a = ~ -- qDma x and r e v e r s e  the 
s ign of the coeff ic ient  a in (12}. The c r i t e r i o n  of p e r i -  
odici ty exp re s sed  by c > 2b and c > b/2. 
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and c a re  equal to zero  (for example ,  if the d i s t r i b u -  
t ion funct ions  for  un t rapped  pa r t i c l e s  pass  cont inuous-  
ly to the d i s t r i bu t ion  funct ions  for  t rapped pa r t i c l e s ) ,  
it  becomes  n e c e s s a r y  to take into account l i n e a r  t e r m s ,  
and P o i s s o n ' s  equat ion a s s u m e s  the fo rm 

kinet ic  equation [5]. The s tabi l i ty  of these  solut ions  
and the inf luence of co l l i s ions  in the s ta t ionary  case  
s t i l l  r e m a i n  open ques t ions .  
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